We reconsider the derivation of the Michael lattice sum rules, which relate the energy and action stored in a flux tube of a quark-antiquark pair to the static interquark potential, and show that they require essential corrections. We then find, using the coupling constant sum rule of Karsch, that the total Minkowski field energy does not match the interquark potential, if one follows conventional notions. The implications of this result are discussed.
lattice with equal lattice spacings in the spatial and euclidean time directions. A lattice regularization using different cutoffs for the space and time directions must of course yield the same results for physical observables in the continuum limit. A knowledge of the corresponding regularized action is required to relate thermodynamical observables to expectation values of lattice operators, since such a regularization allows one to vary independently the temperature and volume of the system [1] [2] [3] . The action then depends on two coupling constants associated with the temporal and space-like plaquettes. These couplings are functions of the spatial lattice cutoff and the anisotropy parameter ξ, defined as the ratio of the spatial to temporal lattice spacing [2, 3] . When taking the continuum limit with the anisotropy parameter held fixed, physical observables, such as the interquark potential and particle masses, should not depend on ξ. By requiring that the string tension obtained either from the expectation value of a space-time or a space-like Wilson loop be invariant under changes in the anisotropy parameter, Karsch [3] was able to show that the sum of the derivatives of the inverse coupling constants squared with respect to the anisotropy parameter, evaluated on an isotropic lattice, is given in the continuum limit by the first coefficient in the perturbative expansion of the β-function. Furthermore, by requiring that in the continuum limit the effective action be independent of the lattice regularization chosen, he was able to determine the dependence of the couplings on the anisotropy parameter.
The formulation of SU (N ) gauge theories on an anisotropic lattice has been used in [4] to derive sum rules relating the potential of a quark-antiquark pair to correlators of the action, or of the chromoelectric and chromomagnetic field energy, with the Wilson loop.
These lattice sum rules are known as Michael's sum rules. Comparing the action sum rule given in [4] with the corresponding sum rule in ref. [3] , one finds that they disagree by a factor of 2. That the action sum rule in [4] is actually incorrect has been noted recently in [5] , where the authors derive this sum rule within the framework of the continuum formulation. Motivated by these observations, we have reexamined the derivation of the Michael sum rules, and find that there are important corrections to both the action and the energy sum rule of ref. [4] . Using the coupling constant sum rule of Karsch [3] , we then find, following conventional lore, that the sum rule relating the interquark potential to the field energy in the continuum formulation would be violated in the lattice regularized theory. The implications of this result are discussed.
Consider the ground state energyÊ 0 of a quark-antiquark pair separated by a distancê R. Quantities denoted with a "hat" will always be understood to be measured in units of the lattice spacing. The energyÊ 0 can be calculated from the expectation value of the Wilson loop with spatial and temporal extensionR andT , respectively:
On an isotropic lattice < W (R,T ) > is calculated with the action
where, for SU (N ),β is defined in terms of the bare coupling constant byβ = 2N g 2
0
, and P τ , P s denote the contributions of the time-like and space-like plaquette variables:
Here i, j label the spatial directions, and U µν (n) is the lattice variable associated with a plaquette located in the µν-plane at the lattice site n.
The lattice energyÊ 0 , defined by (1) , is a function ofR andβ. Since the self-energy contributions toÊ 0 , associated with the quark and antiquark, do not depend onR, they can be eliminated by considering the differenceÊ 0 (R,β) −Ê 0 (R 0 ,β), whereR 0 , is some reference qq-separation. Then the subtractedpotential is given by
where
From here on we will always assume that such a subtraction has been carried out, and shall drop the subscript "subtr" for simplicity. Following [4] we now take the derivative of (4a) with respect toβ. One then obtains
where the expectation value < O > qq−0 is defined generically by
Hence theβ-derivative of the potential is expressed in terms of correlators of plaquette variables with the Wilson loop. These are the correlators which have been measured in Monte Carlo simulations to determine the spatial distribution of the energy density in a flux tube connecting a quark and antiquark [6] .
In the limitT → ∞, the rhs of (5a) can be further simplified. Since forT → ∞ the expectation value of a plaquette variable is invariant under a "time" translation, we have that
where P ′ σ is given by an expression of the form (3), with n running over the lattice sites on the fixed time slice. With a Wilson loop extending from n 4 = −T 2 to n 4 =T 2 , this time slice is conveniently chosen to be the n 4 = 0 plane. Then
where in the last step we have taken the naive continuum limit. Here − We next use the renormalization group to cast the lhs of (7) in a form involving the potential and its derivative with respect toR. In the limit of vanishing lattice spacing "a"
where V (R) is the physical interquark potential, and the behaviour ofβ(a) as a function of the lattice spacing is given, close to the continuum limit, through the renormalization
Here b 0 and b 1 are given by
The invariance of the lhs of (8) with regard to changes in the lattice spacing leads to ∂β ∂lna
where it is understood that this expression is to be evaluated forR = R a , and withβ(a) determined by (9). Making use of the relation (11), equation (7) takes the following form close to the continuum limit
In the case of a confining potential,V (R,β) =σ(β)R, this equation reduces to
which coincides with that obtained in [3] by making use of the relations (3.7), and the equation following it in that reference. The second term appearing on the lhs of (12), which gives rise to the factor of two in (13), has been missed in [4] . Hence the Michael action sum rule is incorrect, as was also recently observed in [5] , where the authors derive this sum rule within the continuum formulation of QCD.
be obtained by requiring that a lattice regularization involving different lattice spacings in the temporal and spatial directions should lead to the same physical potential as that computed from an isotropic lattice. A similar argument has been used in [3] for the string tension computed either from a time-like or a space-like Wilson loop, leading to a coupling constant sum rule which will play a key role in our discussion. On an anisotropic lattice the action involves two couplings,β τ andβ s [1] [2] [3] , associated with the time-like and space-like plaquette contributions:
These couplings are conventionally considered to be functions of the spatial lattice spacing a and the anisotropy parameter ξ = a/a τ , where a τ is the lattice spacing in the temporal direction. They are usually parametrized as follows [2, 3] In the weak coupling limitβ τ (a, ξ) andβ s (a, ξ) can be related to the bare couplingβ(a) on an isotropic lattice [2, 3] by
where the ξ-dependence of the functions c σ (ξ), σ = τ, s, have been studied in detail in [3] .
With the action (14), the lattice potential computed from the expectation value of the Wilson loop becomes a function ofR,β s , andβ τ . We now require that in the continuum limit a → 0, a τ → 0, ξ = a/a τ fixed, the physical potential, V ∼ 
Noting that
one finds, upon carrying out the differentiation (17), and then returning to the isotropic
HereV (R,β) is the potential in lattice units computed on an isotropic lattice. Again it is understood that this relation only holds forR = R/a, β σ = β σ (a, ξ), in the continuum limit. Defining
expression (19) can be written in the form
where the expectation values are computed on an isotropic lattice. Making use of the action sum rule (12) one obtainŝ
We emphasize that so far our discussion has not involved any perturbative arguments. We now want to interprete the rhs of (22) 
where c ′ σ is the derivative of c σ . Hence close to the continuum limit
where, as explained before, P ′ σ (σ = τ, s) denotes the contributions to the action of plaquettes with base on a fixed time slice. In the continuum limitβ(−P ′ τ + P ′ s ) can be identified with the Minkowski field energy measured in lattice units. Thus for a ≈ 0,
where (− field energy densities expressed in terms of the euclidean fields. Now the field energy, after subtracting the self energy contributions, is expected to be related to the potential by
Hence on the lattice 
Hence the above line of reasoning would lead to the conclusion that the quantity appearing in curly brackets should vanish in the limitβ → ∞. This disagrees with the result obtained in ref. [3] , where this quantity was shown to be given by b 0 , defined in (10). The author was led to this result by requiring the invariance of the string tensions computed from space-time and space-like Wilson loops under changes in the anisotropy parameter ξ. On an isotropic lattice the two string tensions extracted in this way should coincide. By making further use of the action sum rule, Karsch was led to the above conclusion.
Using the value η + = N b 0 obtained in [3] , the approximation for η − given in (23), and the one-loop approximation ∂lna/∂β = − 1 4Nb 0 , one finds that, for a confining potential, (24) reduces toσR
which, with the identification (25), would violate the energy sum rule (26) by a factor of two. We emphasize that the origin of the factor two in (27) is the second term appearing on the rhs of (21). With η − ≈β = 2N/g 2 0 , eq. (21) takes the form
The contribution proportional to < P are used to identify the rhs of (22) with the field energy in the continuum limit, then the implementation of the energy sum rule (26) on the lattice demands that η + vanishes in this limit, which contradicts the coupling constant sum rule obtained in [3] . This latter sum rule has however been derived without invoking perturbation theory. We are therefore rather tempted to conclude that the weak coupling argument leading to (24) with the identification (25) is inadequate, and that the lattice expression for the field energy is that defined by the right hand side of (21). This stands in sharp contrast to the standard belief, that the field energy is related to < −P 
